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A p-NILPOTENCY CRITERION FOR FINITE GROUPS
ANTONIO DI´AZ RAMOS AND ANTONIO VIRUEL
Abstract. We prove a p-nilpotency criterion for finite groups in terms of the element orders of its p′-reduced
sections that extends a nilpotency criterion by Ta˘rna˘uceanu.
1. Introduction
In [16], Ta˘rna˘uceanu introduces a nilpotency criterion for finite groups by studying element orders. This
criterion involves the following generalization of the Eulers totient function [15],
ϕ(G) = |{g ∈ G|o(g) = exp(G)}|,
where G is a finite group. Obviously, if G is nilpotent, then ϕ(G) is necessarily different from zero. Moreover,
subgroups and quotients of a nilpotent group are also nilpotent, so ϕ(K) 6= 0 for every section K of the
nilpotent group G. Ta˘rna˘uceanu proves that the converse holds, i.e., if ϕ(K) 6= 0 for all sections K of G,
then G is nilpotent.
In this note, we give the following related criterion for p-nilpotency of finite groups, in which we consider
instead p′-reduced sections.
Theorem 1.1. Let G be a finite group and let p be a prime. Then the following are equivalent:
(1) G is p-nilpotent.
(2) ϕ(K) 6= 0 for each p′-reduced section K of G.
(3) ϕ(K) 6= 0 for each p′-reduced section K of NG(Q), where Q is any p-centric p-subgroup of G.
(4) ϕ(K) 6= 0 for each p′-reduced section K of NG(Q), where Q is any p-centric and p-radical p-subgroup
of G.
Recall that Q is p-centric if Z(P ) ∈ Sylp(CG(P )) and that Q is p-radical if NG(P )/P is p-reduced. Our
proof is formulated in the modern language of fusion systems [5], following the trend of the works [2], [3], [6],
[8], [10], [9], [11], [13] and [14]. Our proof of Theorem 1.1, carried out in the following section, is independent
of the classification of minimal non-nilpotent groups. Therefore, Theorem 1.1 provides an alternative proof
of the main result in [16].
Corollary 1.2. Let G be a finite group. Then the following are equivalent:
(1) G is nilpotent.
(2) ϕ(K) 6= 0 for each section K of G.
Regarding Theorem 1.1(2), one could wonder whether ϕ(K) 6= 0 for the particular p′-reduced section
K = G/Op′(G) is enough for the p-nilpotency of G. As the next example shows, this is not the case.
Example 1.3. We exhibit a finite group G such that Op′(G) = 1, ϕ(G) 6= 0 and G is not p-nilpotent.
We start considering a group K such that K is p′-reduced and ϕ(K) = 0. Such group can be obtained
as a semidirect product via Lemma 2.1 below. Then K is not p-nilpotent by Theorem 1.1(2). If exp(K) =
pe1
1
· · · pess with pi’s different primes, there exist, for each i, an element ki ∈ K with o(ki) = p
ei
i . Define G as
the direct product of s copies of K. Then clearly exp(G) = exp(K) = o((k1, . . . , ks)) and hence ϕ(G) 6= 0.
Moreover, Op′(G) = 1 and G is not p-nilpotent as K is neither.
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Notation. We denote by Op′(G) the largest normal subgroup of G of order prime to p, and by Op(G) the
largest normal p-subgroup of G. We say that G is p′-reduced if Op′(G) = 1 and that G is p-reduced if
Op(G) = 1. For terminology and results on fusion systems, we refer the reader to [1] and [7].
2. Proof of the theorem
We need two preliminary results.
Lemma 2.1. Let p and q be different primes and let V be a non-trivial simple Fp[Z/q]-module. Then
ϕ(V ⋊ Z/q) = 0.
Proof. Note that exp(V ⋊Z/q) = pq. Assume that there exists x ∈ V ⋊Z/q satisfying o(x) = pq. Then xq ∈ V
and xp centralizes xq. As xp projects onto a generator of Z/q, Fp ∼= 〈x
q〉 ≤ V is a trivial Fp[Z/q]-submodule,
which is not possible by hypothesis. 
Lemma 2.2. Consider a short exact sequence of groups,
P // G
pi
// K,
where 1 6= P is a p-group, CG(P ) ≤ P and 1 6= K is p-reduced. Then there exists a p
′-reduced section H of
G with ϕ(H) = 0.
Proof. As K is non-trivial and p-reduced, there exists a prime 1 < q 6= p such that q divides |K|. Hence, we
can choose g ∈ G such that o(pi(g)) = q. Moreover, raising g to an appropriate power of p, we can assume
that o(g) = q.
The automorphism induced by g on P , cg ∈ Aut(P ), cannot be trivial because CG(P ) ≤ P and g /∈ P .
Hence, cg must have order q. By Burnside’s theorem on coprime actions [12, Theorem 5.1.4], cg induces a
non-trivial order q automorphism on the Frattini quotient W = P/Φ(P ) ∼= (Fp)
r (r ≥ 1). Hence, W is a
non-trivial Fp[Z/q]-module.
By Maschke’s theorem [12, Theorem 3.3.1], we can decompose W as a direct sum of simple Fp[Z/q]-
submodules. As W is a non-trivial Fp[Z/q]-module, one of these simple submodules is non-trivial. Call it V .
Then H = V ⋊ Z/q is a p′-reduced section of G and ϕ(H) = 0 by Lemma 2.1. 
Now we can prove the main theorem.
Proof of Theorem 1.1. To prove (1) ⇒ (2), let G be a p-nilpotent group and recall that p-nilpotency is
preserved under subgroups and quotients. Hence, any section K of G is p-nilpotent and may be written as
K = Op′(K)S, with S ∈ Sylp(K). If K is p
′-reduced, i.e., Op′(K) = 1, we must have K = S and hence
ϕ(K) 6= 0.
The remaining non-trivial implication is (4) ⇒ (1). We use Frobenius’s normal p-complement theorem
[12, Theorem 7.4.5] in its version for fusion systems [7, Theorem 1.12]. Thus, G is p-nilpotent if and only if
FS(G) = FS(S), where S ∈ Sylp(G) and F = FS(G) is the fusion system of G over S. In turn, by Alperin’s
fusion theorem for fusion systems [5, Theorem A.10], to show that F = FS(S), it is enough to show that S
is the only F -centric and F -radical subgroup of S, and that OutF(S) = 1.
So let Q ≤ S be F -centric and F -radical. Then CG(P ) = Z(P ) × C
′
G(P ) with C
′
G(P ) = Op′(CG(P )) [4,
Lemma A.4], Op(OutG(Q)) = 1, and Q is p-centric and p-radical. Consider the short exact sequence,
Q // NG(Q)/C
′
G(Q)
// OutG(Q) = NG(Q)/QCG(Q).
It satisfies the hypothesis of Lemma 2.2 unless OutG(Q) = 1. In the former case, we get a contradiction with
hypothesis (4). So OutG(Q) = 1. As OutS(Q) ≤ OutG(Q), this cannot be the case for Q < S. So Q = S and
OutF (S) = OutG(S) = 1. 
Proof of Corollary 1.2. By the comments in the introduction, it is left to prove that (2) implies (1). Recall
that G is nilpotent if and only it is p-nilpotent for every prime p. Finally, since every p′-reduced section of
G is obviously a section of G, then (2) implies Theorem 1.1(2) and therefore G is p-nilpotent for every prime
p. 
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